5-SUPERDERIVATIONS OF KKM DOUBLE 



Ivan Kaygorodov, Victor N. Zhelyabin 

e-mail: kib@math.nsc.ru, vicnic@math.nsc.ru. 
Sobolev Inst, of Mathematics 
Novosibirsk, Russia 
kib @math. nsc.ru 



Abstract: 

We described <5-derivations and 5-superderivations of simple Jordan superalgebras «KKM Double* and unital 
simple finite-dimensional Jordan superalgebras over algebraic closed fields with characteristic p ^ 2. We 
constructed new examples of non-trivial ^-derivations of Jordan superalgebras of vector type. 
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Bse/ieHHe 

IIoHHTHe ^udicpepeHrrfipoBaHHH ajire6pr>i o6o6inajiocb MHoriMH MaTeMaraKaMii b caMbix pa3jiHHHbix Ha- 
npaBjieHuax. Tax, b pQ mojkho HafiTH onpe/iejieHHe (5-^i<pqSepeHirHpoBaHHa ajire6pbi. HanoMHHM, ito npn 
cpHKcnpoBaHHOM 5 <E F, nofl (5-flH(pcpepeHii,HpoBaHHeM -F-ajire6pi>i A norniMaiOT jiHHeftHoe OTo6pajKeHiie <f>, yup- 
BjieTBopaiom,ee ycjiOBHio 

4>(xy) = 6{4>(x)y + x(p(y)) 

fljia npoH3BOjiBHbix sjieMeHTOB x, y 6 A. B pa6oTe pQ onncaHbi ^-/n^ipqSepcHHHpoBaHHH npoH3BOjibHOH nepBH 1 !- 
Hoft i^-ajire6pbi JIh A G F) c HeBbipoayjeHHOH CHMMeTpnuecKoft HHBapnaHTHon 6njinHeHHOH cpopMoir. A 
HMeHHO, flOKa3aHO, hto jiHHeitHoe OTo6pajKeHne <f>: A — > A HBjiaeTCH i-^iipaSepeHirnpoBaHHeM TOiyia h tojib- 
ko TOiyia, KOiyia <f> G r(j4), iyje T(A) — neHTpoHfl ajire6pbi A. OTCiofla cjie^yeT, hto ecjni A — ireHTpajibHaH 
npocTaa: ajireSpa JIh Hafl nojieM xapaKTepncTHKH p ^ 2,3 c HeBbipojKfleHHOft CHMMeTpHnecKOH HHBapnaHTHOH 
6HjiHHeiiHOH (bopMoft, to jno6oe i-;ni<p<pepeHHHpoBaHHe </> HMeeT BHfl 4>(x) = ax, fljia HeKOTporo a G F. B. 
T. cDnjinnnoB ppma&ji [2], uto jiio6aH nepBHiHaa $-ajire6pa JIh He HMeeT HeHyjieBoro (5-flHqScbepeHHHpoBaHHH, 
ecjiH S —1,0,^,1. B pa6oTe [2J noKa3aHO, hto jiio6aH nepBHHHaa $-ajire6pa JIh A G $) c HenyjieBbiM 
aHTH^HcpcbepeHi^HpoBaHHeM HBjiHeTca 3-MepHoii neHTpajibHoii npocToii ajire6poii nafl nojieM nacTHbix neHTpa 
Zji(A) CBoeii ajire6pbi npaBbix yMHOJKeHHfl R(A). TaK»ce b stoh pa6oTe 6biji nocTpoeH npnivrep HeTpHBHajibHO- 
ro i-flH(p<pepeHH;HpoBaHHH ,h;jih ajire6pbi BnTTa W\, T.e. TaKoro i-flH<p(bepeHHHpoBaHHH, KOTopoe ne HBjiHeTCH 
sjieMeHTOM iieHTpoHfla ajire6pbi W\. B [3] onncaHbi 5-flH<pcpepeHHHpoBaHHH nepBHUHbix ajibTepHaTHBHbix h 
HejineBbix Majibu,eBCKHx $-ajire6p c HeKOTopbiMH orpaHHueHHHMH na KOjibnp onepaTopoB $. KaK OKa3ajiocb, 
ajire6pbi H3 sthx KjiaccoB ne hmciot HeHyjieBoro <5-flH(b(pepeHH,HpoBaHHa, ecjin S ^ 0,^,1. Pe3yjibTaTbi B. 
T. OnjinnnoBa 6bijiH nacTHHHO o6o6ineHbi E. JlaKCOM h JJ?k. Jle^jKepoM b [S]. Ohh paccMaTpHBajin KBa3H- 
flH(p(bepeHLi;HpoBaHHH ajire6p JIh, T.e. Taxne jiHHeiiHbie OTo6pa»ceHHa / fljia KOTopbix cyinecTByeT jiHHefraoe 
OTo6pa»ceHHe /', CBjraaHHoe c / ycjiOBHeM 

f'(xy) = f(x)y + xf(y). 

Hmh 6bijio noKa3aHO, hto npocTpancTBO KBa3HflH(b(pepeHri,HpoBaHHH npocToii KOHe^moMepHOH jineBoii ajire6pbi 
A paHra Bbiine 1 coBna/iaeT c npaMoii cyMMOii npocTpaHCTBa flHqSebepeHHnpoBaHHH h ijeHTponyia ajire6pbi A. 

B pa6oTe [4J 6bijio ,a,aHO onncaHHe J-flHqSebepeHHHpoBaHHH npocTbix KOHenHOMepHbix nop,n,aHOBbix cynepaji- 
re6p Hafl ajire6paHnecKH 3aMKHyTbiM nojieM xapaKTepncTHKH Hyjib h nojiynpocTbix KOHenHOMepHbix iiop/iaHO- 
bhx ajire6p nafl ajire6paHnecKH 3aMKHyTbiM nojieM xapaKTepncTHKH otjihuhoh ot 2. B flajibHeiirneM, b pa6o- 
Te [S] 6bijiH onncaHbi J-flHqSebepeHi^HpoBaHHH KjiaccnnecKHx cynepajire6p JIh. Pa6oTa [B] nocBsnieHa onnca- 
hhio (5-flH(p4)epeHH,HpoBaHHH KapTaHOBCKHx cynepajire6p JIh. TaM ace onncaHbi (5-cynep^HqS<pepeHHHpoBaHHH 
npocTbix KOHeuHOMepHbix cynepajire6p JIh. B [B] Tax>Ke onncaHbi (J-flHqSepepeHi^HpoBaHHH nojiynpocTbix ko- 
HCHHOMcpHbix fiopflaHOBbix ajire6p h <5-cynepflH<hcpepeHHHpoBaHHH ftopflaHOBbix cynepajire6p Ha^ ajire6pa- 
HnecKH 3aMKHyTbiM nojieM xapaKTepncTHKH Hyjib. ^1,jih ajire6p h cynepajire6p H3 pa6oT [H [SJ [5J 6bijio 
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noKa3aHO OTcyTCTBiie HeTpHBHajibHbix (5-iiHcpcpepeHHHpoBaHHH h <5-cynepjTHcp(pepeHirHpoBaHHH. B flajibHen- 
ineM, pe3yjibTaTbi [S] nojiy^Hjin o6o6iHeHHe b pa6oTe EL SyciviaHOBHHa [5]. Hm 6bijio ,a,aHO onncaHHe 5- 
,n,H(p(pepeHLi;HpoBaHHH h <5-cynepjjHcp<pepeHinipoBaHHH nepBiiHHbix cynepajire6p JIh. Oh noxasaji, hto nepBira- 
Haa cynepajire6pa JIh He HMeer HeTpHBHajibHbix <5-flH(p(pepeHH;HpoBaHHH h <5-cynepflH(p<pepeHnHpoBaHHH npn 
S ^ — 1, 0, \ , 1. Oh noKa3aji, hto ,h,jih cynepajire6pbi JIh A c HyjieBbiM ueHTpoM h HCBbipojKfleHHOH cynepciiMMeT- 
pH^ecKoii HHBapnaHTHOH 6HjiHHeiiH0ii (popMoii, y KOTopoii A = [A, A], npocTpaHCTBO i-znicpcpepeHniipoBaHiiii 
(^-cynep/i,H(p(pepeHH,HpoBaHHH) coBna^aeT c ueHTpoftjjpM (cynepueHTpoiiflOM) cynepajire6pbi A. TaKsce, II. 
SycMaHOBH^i flaji nojicoKHTejibHbiH otbct Ha Bonpoc B. T. QiuiiinnoBa o cymecTBOBaHiiii flejniTejieft Hyjia 
b KOjibH,e ^-/],H(p(pepeHH,HpoBaHHH nepBHHHOii ajire6pti JIh, ccpopMyjinpoBaHHbiii b B jjajibHeftiiieM, 6- 
cynepflH(p(pepeHLi;HpoBaHHH o6o6ineHHoro ,IIy6jia KaHTopa, nocTpoeHHoro Ha nepBHHHOii HeymiTajibHoii acco- 
H^naTHBHOH ajire6pe, paccMaTpHBajincb b pa6oTe [7]. 

B HacTOHineii pa6oTe paccMaTpiiBaiOTCH (5-/i,H(p(pepeHH,HpoBaHHa h (5-cynepflH(pcpepeHH,HpoBaHHa: npo- 
ctbix cynepajire6p nop^aHOBOH cko6kh. IIoKa3biBaeTCfl OTcyTCTBiie HeTpiiBHajibHbix J-fliicpcpepeHHiipoBaHHii 
h <5-cynepflH(p(pepeHLi;HpoBaHHH npocTbix cynepajire6p iiopflaHOBOH cko6kh, He hbjihioihhxcs: cynepajire6pa- 
mh BeKTopHoro THna. IIpHBOflHTCH onucaHHe <5-iiHcp(pepeHiriipoBaHHH h <5-cynepflHcpcpepeHHHpoBaHHH npo- 
ctbix Hop^aHOBbix cynepajire6p BeKTopHoro THna. B KanecTBe cjieflCTBiia, Hcnojib3ya KjiaccHcpHKanino npo- 
ctbix KOHenHOMepHbix Hop^aHOBbix cynepajireGp |13| . nojiynaeM oniicaHiie <5-flHcpcpepeHHHpoBaHHH h 5- 
cynep,i];H(p(pepeHH;HpoBaHHH npocTbix yHHTajibHbix KOHeHHOMepHbix ifopflaHOBbix cyncpajire6p Ha^ ajire6paii- 
icckhm 3 aMKHy tbim nojieM xapaKTepncTHKH p^2. 

§1 OcHOBHtie cpaKTBi h onpe,n,ejieHHH. 

IlycTb F — nojie xapaKTepncTHKH p ^ 2. Ajire6pa A nap, nojieM F Ha3biBaeTCH iiopflaHOBOH, ecjiii OHa 
y^OBjieTBopHeT TOJKflecTBaM 

xy = yx, (x 2 y)x = x 2 (yx). 

IlycTb G — ajire6pa TpacciviaHa Ha^ F, 3a,n,aHHaH o6pa3yioiiniMH 1, £i, . . . , £ n , . . . h onpeflejraioinHMH cootho- 
nieHHHMH: £| = 0,Ci£,j — E/nnmna 1 h npoH3Be,n,eHHH ^i x ^i 2 ■ ■ . i\ < i% < . . . < ife, o6pa3yiOT 6a3HC 

ajire6pbi G Hafl F. 06o3HanHM nepe3 Go h G\ no/nipocTpaHCTBa, nopojKfleHHbie cooTBeTCTBeHHO npoii3Be,a,e- 
hhhmh neTHOii h HeneTHOH fljiHHbi; Torjia G npe^CTaBjiaeTCH b BH^e npsMOH cyMMbi sthx noflnpocTpaHCTB: 
G = Gq © G\, npn 3tom cnpaBefljiHBbi coothohighhh GiGj C G i+ j( mo( i2)i hi = 0, 1. HHane roBopa, G HBjiaeTCH 
Z2-rpaflyHpoBaHHOii ajire6poH (hjih cynepajire6poH) Ha,a, F. 

IlycTb Tenepb A — A$ © A\ — npoii3BOjibHafl cynepajire6pa Hafl F. PaccMOTpHM T6H3opHoe npoii3Be,n,eHHe 
F-ajire6p G © A. Ero noflajire6pa 

G(A) = G Q © A a + d O Ai 

Ha3biBaeTCH rpaccMaHOBOfi o6ojiohkoh cynepajire6pbi A. 

IlycTb il — HeKOTopoe MHoroo6pa3He ajire6p Ha,n F. Cynepajire6pa A = Aq © A\ Ha3biBaeTCH f2- 
cynepajire6poii, ecjin ee rpaccMaHOBa oGojiohkb G(A) aBjiHeTca ajire6poii H3 Q. 

B nacTHOCTH, J = Jo © J\ Ha3biBaeTCH iiopflaHOBOfl: cynepajire6poH, ecjiH ee rpaccMaHOBa oSojio^Ka G( J) 
HBjiaeTCH ftopflaHOBOii ajirc6pofl. /J,ajiee rjisi oflHopoflHoro ajieMeHTa x cynepajire6pbi J = Jo© J\ 6ya,eM cniiTaTb 
p(x) = i, ecjiH x G Ji- HeTHyio nacTb Jo ftopflaHOBOft cynepajire6pbi o6o3naHHM nepes A, a HeneTHyio J\ nepe3 
M. 

KjiaccH(pHKan,Ha npocTbix KOHenHOMepHbix iiopflaHOBbix cynepajire6p Hafl ajire6paii x iecKH 3aMKnyTbiM no- 
jieM xapaKTepncTHKH HOjib 6bijia npHBe^eHa b pa6oTax |101 111] . B [121 113] Gbijih onncaHbi npocTbie KOHen- 
HOMepHbie Hopjj,aHOBbi cynepajire6pbi Ha/i, ajire6pannecKH 3aMKHyTbiM nojieM npon3BOjibHon xapaKTepncTHKH 

OTJIHHHOH OT 2. 

IIpHBejj,eM HeKOTopbie npniviepbi iiopflaHOBbix cynepajire6p. 

1.1. /Iy6jib KaHTopa [1(5]. IlycTb r = To © Ti — accon^HaTHBHan cynepKOMMyraTHBHas cynepajireSpa c 
eflHHimeii ln{, } : T x T — > T — cynepKOCocnMMeTpnnecKoe 6njiHHenHoe OTo6pa»;eHHe, KOTopoe mbi 6yn,eM 
Ha3bmaTb cko6koh. IIo cynepajire6pe T n CKo6Ke {, } mojkho nocTponTb cynepajire6py J(T, {,}). PaccMOTpHM 
J(r,{,}) = r© Tx — npaMyro cyMMy npocTpaHCTB. iyje Tx — H30MopcpHaH Konna npocTpaHCTBa T. IlycTb a, b 
— oja,Hopojj,Hbie sjieMeHTbi H3 T. Toiyja onepai^HH yMHOJKeHHH ■ Ha J(I\ {, }) onpeflejiaeTCH cpopMyjiaMH 

a-b = ab, a-bx=(ab)x, ax ■ b = (-1)"^ (ab)x, ax ■ bx = {-l) p ^{a, b}. 
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IIojiojkhm A — Tq © T\X, M — Ti © Tqx. Tbiyja J(T, {, }) = A © A/ — Z^-rpajryHpoBaHHaH ajire6pa. 
CKo6Ka {, } Ha3MBaeTCH ftopflanoBOH, ecjiH cynepajire6pa J(T, {, }) hbjihctch iiop,zi,aHOBOH cynepajire6pofi:. 

XopOHIO H3BeCTHO [14J, HTO flJIH OflHOpOflHblX SJieMCHTOB iiopflaHOBa CKo6Ka yflOBjieTBopaeT cjiejryioinHM COOT- 
HOinCHHHM: 

{a, be} = {a, b}c + (-l) p ^ p ^b{a, c} - {a, l}bc, (1) 
{a, {b, c}} = {{a, b}, c] + (_1)pWpW{6, {a, c }} + {a, l}{b, c} 

+ (_ 1 )P(a)(pW+P( C )){5 j !}{ Cj a } + (_!)P(c)(p(a)+p(6)){ C) ^{^ fe } ( 2 ) 

B CHjiy liopflaHOBOCTH cynepajire6pbi J(r,{,}) nojiynaeM, hto D : a — > {a, 1} — flHcpcpepeHnnpoBaHHC 
cynepajire6pbi I\ 

Ecjih 7? — HyjieBoe jTHcpcpepeHnnpoBanne, to {, } hbjihctch cko6koh ITyaccoHa, T.e. 

{a, be} = {a, b}c + (-l) p ^ p ^b{a, c} 

h r — cynepajire6pa Jin othochtcjibho onepannn { , } . IlpoH3BOjii>Haa: CKo6Ka IlyaccoHa aBjraeTCH iiopjj;aHOBOH 
cko6koh |15| . 

Xopoiiio H3BecTHO [14J, hto fiopflaHOBa cynepajire6pa J — T © Tx, nojiyneHHaa c noMOiixbio npon,ecca yn,BO- 
eHHa KaHTopa, 6yn,eT hbjihtbch npocToft TOiyja n tojibko Torjj,a, KOiyja T He HMeeT HeHyjieBbix iifleajiOB B c 
ycjiOBHGM {r, B} C B. 

1.2. Cynepajire6pa BeKTopHoro THna J(T,D). IlycTb T = To © Ti — accoiniaTHBHaa cynepKOMMyTa- 
THBHaa cynepajire6pa c HenyjieBbiM hcthbim JXHcpcpcpennnpoBaHHeM D. Onpe^ejiHM Ha T CKo6Ky {, } nojiaraa 

{a, b} = D(o)b-aD(b). 

Torfla CKo6Ka {, } — fiop^aHOBa CKo6Ka. IIojiyHeHHyio cynepajire6py J(T, {, }) 6yn,eM o6o3HanaTb KaK J(r, D). 
Onepaniifl yMHOJKCHna ■ b J(r, D) onpeflejiaeTCH no npaBHjiaM 

a-b = ab, a-bx = (ab)x, ax ■ b = {-l) pib) (ab) Xl ax ■ bx = (-lfW (D{a)b - aD(b)), 

Tflfi a, b oflHopo^Hbie sjieMeHbi H3 T h ah — npon3BefleHne b T. Cynepajire6pa </(T, D) Ha3biBaeTca cynepajire6pon 
BeKTopHoro THna. Ecjih cynepajire6pa J(T,D) — npocTa, to, KaK h3bgctho (cm. [14J), T± = 0. 

1.3. Cynepajire6pa HeHra — Kari,a CK(Z, d) (16) . IlycTb Z — npoH3BOjibHaa yHHTajibHaa: acconnaTHBno- 
KOMMyTaTHBHaa ajire6pa c HeHyjieBbiM jTHcpcpepeHnnpoBanneM d : Z — > Z. PaccMOTpHM JiBa CBo6oflHbix Z- 
MqayjiH paHra 4 

3 3 

A = Z + mZ, M = xZ + Y XiZ. 

i=l i=l 

yMHO»ceHHe Ha A 6yn,eT Z-jiHHeiiHbiM, WiWj = 0, i ^ j, wf = — 1. OnpejrejiHM 

Xixi = 0, Xi x2 = -X 2X 1 = X 3 , Xi x3 = -X 3x i = X 2 , X 2X 3 = -%3x2 = X\. 

YMHOJKeHHe A x M —¥ M onpeflejieHO cjiejj,yiomHM o6pa30M 

(xf)g = x(fg), (xif)g = Xi(fg), {xf)(wjg) = x j {fd(g)), (xif){wjg) = x ixj (fg). 
yMHO»ceHHe M x M — > A 3ajj,aflHM no npaBHjiaM 

(xf){xg) = d(f)g - fd(g), (xf)(Xjg) = -Wj(fg), {x l f)(xg) = w l (fg), (Xif)(xjg) = 0. 

TaKsce Haii noHa,n;o6HTca: onpe/i,ejieHHe cynepajire6pbi B(n, m). IlycTb F — ajire6paHnecKH 3aMKHyToe nojie 
xapaKTepncTHKH p > 2. IIojiojkhm B(m) — F[a±, . . . ,a m \a p = 0] — ajireGpa yceneHHbix MHoronjieHOB ot m 
neTHbix nepeMCHHbix. nycTbG(n) — cynepajirc6pa TpaccMaHa c nopojKjj,aiOH];HMH l,£i, . . . ,^ n . Tor^a B(m, n) = 
B(m) © G{n) — acconnaTHBHO-cynepKOMMyTaTHBHaH cynepajire6pa. 

Ochobhoh pe3yjibTaT no KjiaccHcpHKaniiH npocTbix KOHenHOMepHbix yHHTajibHbix ftopflaHOBbix cynepajire6p 
Hafl ajire6paHnecKH 3aMKHyTbiMH nojiHMH xapaKTepncTHKH p > 2 6biji nojiyneH b pa6oTe K. MapTHHe3 h E. 
3ejibMaHOBa |13j : 
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Teopeivra 1. IlycTb J = Jq + J± — KOHeHHOMepnaa npocTaa yHHTajibHaa iiopflaHOBa cynepajire6pa Ha,n, 
ajireSpaHnecKH 3aMKHyTbiM nojieM xapaKTepncTHKH p > 2, r^e Jo He HBjiaeTCH nojiynpocToii ajire6poii. Toiyja: 

1. jih6o cymecTByiOT HaTypajibHbie m, n h fiopflanoBa CKo6Ka {, } Ha B{m, n), hto J = J(B{m 1 n), {, }); 

2. jhi6o J H30Mop<pHa Hop,n,aHOBOH cynepajire6pe Henra-Kana CK(B{m) 1 d) 1 onpeflejieHHOit jTHepcpepeHini- 
poBaHHGM d : B(m) — > B(m). 

KaK 6bijio OTMeneHO Bbiine, pjisi (pHKCHpoBaHHoro sjieMeHTa 8 H3 ocnoBHoro nojra, no,a, 8- 
flH(p(pepeHn;HpoBaHHeM cynepajire6pbi A mm noHHiiaeM JiHHeiiHoe OTo6pajKeHHe <f> : A — > A, TaKoe hto flirn 
Bcex x, y G A BbinojiHeHO 

(j)(xy) = 8((f>(x)y + xcj)(y)). 

D,eHTpoHflOM T(A) cynepajire6pbi A Ha3biBaeTca mhojkcctbo Bcex jiHHeiiHbix OTo6pa:sceHHH x '■ A ^ A, Taxoe 
hto fljia Bcex x, y G A BbinojmeHO 

x(ab) = x(a)b = ax(b). 

3aMeTHM, hto l-flH(p(pepeHri,HpoBaHHe HBjiaeTca oGbihhbim ,n,H<p(pepeHHHpoBaHHeM; O-flHcpcpepeHinipoBaHHeM 
HBjiaeTca npoH3BOjibHbiii 3HflOMop<pH3M <ft ajire6pbi A TaKoii, hto 4>{A 2 ) = 0. 5Icho, hto jik>6oh sjieMeHT ueHT- 
poHfla ajire6pbi HBjiaeTca ^-^HcpcpepeHHHpoBaHHeM. 

HeHyjieBoe J-flHcpepepeHinipoBaHHe (ft 6yfleM CHHTaTb HeTpHBHajibHbiM, ecjin 8 ^ 0, 1 h (ft ^ r(vl). 

Ilo^i, cynepnpocTpaHCTBOM mm noHHMaeM Z2-rpajxyHpoBaHHoe npocTpaHCTBO. O/nropojTHMH sjieMeHT tft cy- 
ncpnpocTpaHCTBa 3H,zi,OMopcpH3MOB A — > A Ha3MBaeTca cynepflHcpepcpeHinipoBaHHeM, ecjin 

ip{xy) = ift(x)y + (-l) p ^ p ^xift{y). 

fljia (pHKCHpoBaHHoro ajieMeHTa 8 £ F onpeflejiHM noHHTHe £-cynepflH(p<pcpeHHiipoBaHHH cynepajire6pbi 
A = Aq + A\. 0,n,HopoflHoe jihhchho6 OTo6pajKeHHe (ft : A — > A 6yn;eM Ha3biBaTb 8 -cynepdudidjepeHi^upoeanueM, 
ecjm jijih ojthopojthmx x, y G A BbinojmeHO 

q>(xy) = + 

PaccMOTpHM cynepajire6py JIh A — Aq + A\ h 3acpHKcnpyeM sjieMeHT x £ Ai. Tor^,a R x : y — ► xy HBjiaeTca 
HeneTHbiM cynep/i,H(p(pepeHii,HpoBaHHeM cynepajire6pbi A h ero hcthoctb p(R x ) = i- 

CynepncHTpoHjTpM T s (A) cynepajire6pbi A Ha30BCM mhojkgctbo Bcex o/nropoflHbix jinneifflbix OTo6pajKCHHii 

X ■ A — > A, flJIH npOH3BOJIBHBIX OJTHOpOJTHMX SJieMeHTOB a, b BbinOJIHCHO 

x(ab)= X (a)b=(-ir^^a X (b). 

3aMeTHM, ^ito l-cynepflii(p(pepeHD;HpoBaHHe HBjiaeTca o6bikhobghhbim cynepfliicpcpepcHrpipoBaHiieM; 0-cy- 
nep/i,H(p(pepeHn,HpoBaHHeM aBjiaeTca npoH3BOjibHbiH 3H,n,OMop(pH3M (ft cynepajire6pbi A TaKoii, hto <ft(A 2 ) = 0. 
HeHyjieBoe J-cynepfliicpipepeimHpoBaHHe (ft 6yn,eM c^HTaTb HeTpHBHajibHbiM, ecjni 8 ^ 0, 1 h (ft ^ T S (A). 

CorjiacHO [H TeopeMa 2.1], hto jierKO o6o6maeTCH Ha cjiynafi ^-cynepjj,H(p(pepeHH,HpoBaHHH, pjin yHH- 
TajibHoii cynepajire6pbi A OTo6pa»ceHHe (ft mojkbt 6biTb HeTpHBHajibHbiM <5-,ii;H(p(pepeHH;HpoBaHHeM jih6o <5- 
cynepflH(p(pepeHii;HpoBaHHeM tojibko npn 8 = |. Jlerxo noHHTb, Tro b stom cjiy^iae <ft(x) = <ft(l)x npn npo- 

H3BOJIBHOM X £ A. 

§2 (5-,a,H<p<pepeHii,HpoBaHHH h (5-cynep/i,HcpcpepeHii,HpoBaHHH npocTbix cynepajireSp Hop,n,aHOBbix 

cko6ok. 

B flaHHOM naparpaepe mw paccMOTpHM i5-flH(p(pepeHri,HpoBaHHa h (5-cynepflH(p(pepeHH;HpoBaHHH npocToii 
yHHTajibHOH fiopflaHOBOfi cynepajire6pbi J = J(T, {, }). OnrraeM, hto nojie F xapaKTepncTHKH otjihhhoh ot 2. 

JleMMa 2. Flycmb J = J(T, {, }) — npocmasi ynumaAbHasi uopdanoea cynepajize6pa, mozda T = r{r,r}. B 
uacmtiocmu, ecAu z G To U T\ \ {0}, mo z{T, T} ^= 0. 

,3,OKa3aTejibCTBO. PaccMOTpHM I — T{T, T}. 5Icho, hto / — Hfleaji b V (7 <! F). IIo ([1]) 

{r, 1} = {r, r{r, r}} c {{r, r}, {r, r}} + r{r, {r, r}} + {r, i}r{r, r} c r{r, r} = /. 

CorjiacHO [14] . iiop/i,aHOBa cynepajire6pa J(T, {, }) npocTa, Kor^a T He coflepjKHT HeHyjieBbix Hjj,eajiOB I c ycjio- 
BneM {r,/} C I. Ecjih {r,T} = 0, to Fx <1 J. CjieflOBaTejibHO Fx = J h r = 0. OTCio,n,a {r, T} /0 m, 
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b CHjiy yHHTajibHOCTH r, HMeeM T = r{r,r}. Ecjih Tenept z{T,r} = 0, to zT = zr{r,r} = 0. y^HTbiBaH 
yHHTajibHOCTb r, nojiynaeM z — 0. JleMMa ,n,OKa3aHa. 

JleMMa 3. Ilycmb J = J(T, {, }) — npocmasi ynumaAbHaji uopdanoea cynepaAze6pa u a G J . Omo6paofceHue 
4>{z) = az 6ydem sieAsmmcsi, ^-dutpaiepenvAipoeaHueM, mozda u moAtKO mozda nozda a eTq u djiti aw6ozo b G T 
eepno {a, b} = D(a)b — uD(b). 

/],OKa3aTejibCTBO. IlycTb a = olq + fix + 7 + fix, iyje ao, \i G Tq, fi,j G T\. 5Icho, hto OTo6paa;eHHH 4>i(z) = 
(7 + \±x)z h 4>2{z) = (ao + fix)z TaKHce hbjijhotch i-/i,H(p(pepeHHHpoBaHHaMH cynepajire6pbi J. KpoMe Toro, 

4>l(l) = (7 + (AX) H </>2(l) = (C«0 + fix). Il03T0My npH npOH3BOJIBHBIX Z, W G J BbinOJIHCHO 

2<j>i{l){zw) = [Ul)z)w + z(&(l)u>). (3) 



IIojiojkhm b (|3]) i = 1, z = x,w = 1 nojiyHHM 

272; — jx + x~f = 0, 

to ecTb 7 = 0. 

^OKajfceM, hto fi = (J, = 0. J\w SToro noKa»ceM, hto fi{T, T} = 11 fi{T, T} = 0. 
IIojiojkhb b paBeHCTBe ([3]) 3HaneHHH i = 2, z = a,w = bx, HMeeM 

2{fi,ab} = {fia,b} + (-lY^a{fi,b}. 

YHHTbiBaH ([1]) nojiyHHM 

2{fi, ab} = -(-l)P( b )+P( Q )p( b )2{6, fi}a - (-1)*^) fi{b, a} + {~l) p ^ +p ^ p ^ D{b)fia. (4) 
Ho,ncTaBjiflH b paBeHCTBO ^ npH i — 2 3HaneHHH z = ax, w = b, nojiynaeM 

2{fi,ab} = {fi,a}b-(~l) p ^{a,fib}. 

IIojii>3yiicb JT]) HMeeM 

2{fi, ab} = 2{fi, a}b - fi{a, b) - fiD(a)b. (5) 

IIo^,CTaBjiHH b paBeHCTBO 12]) npn i = 2 SHa^ieHHH z = ax,w = bx, nojiynaeM 

2fi{a, b} = {fi, a}b - (-l) p ^a{fi, b}. (6) 

CpaBHHBaa paBeHCTBa (J5J) 11 (|5]) , nojiyiaeM 

2fi{a, b} = 2{fi, a}b - fiD{a)b - (-\)P( b )+P( h Ma) D(b)fia + (~\) p ^+ p ( b ) p i a )2{b, fi}a = 
2{fi, a}b - fiD{a)b - fiaD(b) - (-l) p ^2a{fi, b} = 2{fi, a}b - fiD(ab) - (-l) p(a) 2a{/3, b}. (7) 

H3 SToro paBeHCTBa h nojiynaeM 

2fi{a,b} = fiD(ab), 

nojiaraa 6=1, HMeeM fiD(a) = 2fiD(a). OTCio^,a fiD(a) = h /3{I\r} = 0. B cnjiy jieMMM 3/3 = 0. 
IIoflCTaBjiHH b ^ i = 1, z = a,w = bx nojiynaeM 

2{n, ab} = {/xa, b} + (-l) p ^a{fi, b}. (8) 
IIo^,CTaBjiHH b i = 1, z = ax, w = b nojiynaeM 

2{n,ab} = {p,a}b+(-iy* a ){a,iMb}. (9) 
IIo^,CTaBjiHH b i = 1, z = ax,w = bx nojiynaeM 

2ii{a, b} = {fi, a}b + (-lf( s 'a{/i, b}. (10) 
H3 (I10p npn a = b = 1 HMeeM D(fi) = 0. IIo,n,CTaBjia:H b ([S]) b = 1, Mbi HMeeM 

2{/x, a} = {[ia, 1} = D([ia) = /iD(a). 
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Il0,ZI,CTaB.IIflH B @ o=l, MM iiMeeM 

2{v,b} = {1 )M 6} = -D(jd>) = -fiD(b). 

CpaBHiiBaa nojiyneHHbie BbipajKenHH, hmgcm {/i, T} = 0. IIosTOMy b cnjiy (jTUJ) T} = 0. Toiyja no jieMMe 2 
/i = 0. 

TaKHM o6pa30M, mh noKa3ajiH, hto 0(z) = az, iyje a G Tq. 
IIpH i = 2, z = ax,w = bx b cooTHOHiemiH ([3]) nojiynaeM 

2a{a,6} = {aa,b} + {a,ab}. (11) 

3aMeTiiM, hto TOJK^ecTBO ([I]) HaM flaeT 

{aa, 6} + {a, ab} = -(-lf( b Ma) a } a + a { &j a } _ £>(&) aa ) + { aj a }b + a{a, b} - D(a)ab. 

OTCK),a,a, y^HTbiBaa pip . nojiynaeM 

a{b, a} — {a, a}b = (aD(b) — D(a)b)a. 
CjieflOBaTejibHO, npn b = 1 BBiTexaeT 

{a, a} = D(a)a — aD{a). 

JlerKO npoBepHTB, ^ito cf>(z) = az npH jho6om a S To TaKOM, hto {a, a} = D(a)a — aD(a), 6yn,eT HBjiHTbCH 
^-,HH(p(pepeHLi,HpoBaHHeM cynepajire6pbi J. JleMMa ,zi;0Ka3aHa. 

TaKHM o6pa30M <5-flH<p<pepeHHHpoBaHHC npocTofi yHHTajibHoii cynepajire6pbi J — J(T, {, }) 6yn,eT hbjihtbch 
hcthbim (5-cynepflH(p(pepeHD;HpoBaHHeM cynepajire6pbi J = J(T, {, }). FIosTOMy, b flajibHeiiineM penb 6yn,eT zflTH 
TOjibKO o <5-cynepflH(p(pepeHn,HpoBaHHHx. 

3aMeiaHHe 4. Ilycmb J = J(T, {,}) — npocman ynumaAtHasi uopdanoea cynepaAze6pa. Omo6paotceHue 
4>(z) = az 6ydem neAsmibcsi HeuerrmuM ^-cynepdugjgjepemjjUpoeaHueM, mozda u mojibKO mozda nozda a G Ti u 

{a, a} — D(a)a — aD(a) 

djin npou3eoAt>Hozo a G T. 

^HoKasaTejibCTBO. HenocpeflCTBeHHbie bbihhcjighhh , aHajiorHHHbie npiiBe^GHHBiM b ,n,OKa3aTejibCTBe jieMMbi 
3, /jaiOT iiCKOMoe. 

Cjie,a,CTBHe 5. Ecau J — npocman ynumaAbnasi cynepaAze6pa ecKmopnozo muna, mo omo6paotceHue 
4>{z) = az 6ydem sieAfimbCM ^-cynepduq^cpeHuxipoeaHUCM, mozda u moAbKO mozda nozda a G IV Ecau J 
- cynepaAze6pa cko6ku Tlyaccona, mo omo6paDtcenue 4>{z) — az sieAsiemcsi ^-cynepduqjqjepeHU,upoeaHueM mo- 
zda u moAbKO mozda, Kozda a G To U Ti u {a, T} = 0. 

IlycTb J = J(r, D) — cynepajire6pa BeKTopHoro rana. OTo6pajK6HHe <fi(z) — az npn a G T 6ya;eT hbjihtbch 
TpHBiiajibHbiM i-cynep/ni<pcpepeHinipoBaHHeM Kor^a (f> G T S (J), T.e. Kor,a,a BbinojiHeHO 

a((bx)(cx)) = (-l) p ( Q ^ fca; )(^)(a(cx)), 

hto SKBiiBajieHTHO D(a)bc = 0. CjieflOBaTejibHO, cf> — TpHBiiajibHoe i-cynepflH(p(pepeHHpoBaHHeM Kor,a,a D(a) = 
0, h (j> — HeTpHBHajibHoe i-cynepflH(p<pepeHHHpoBaHHeM Kor^a D{a) 7^ 0. 

IlycTb J = J(r, {,}) — cynepajxre6pa cko6okh IlyaccoHa h <fi(z) = az — i-cynepflH<p(pepeHirHOBaHiie 
cynepajire6pbi J. BBHfly 3aMeHaHHH 4, hmgcm 

(ax)(a(bx)) = (-l) p(b)+p(a) {a,a6} = (-l) p(b)+p(a \{a, a}b + (-l) p(a)p(a) a{a, 6}) = 

(_ 1 )P(6)+P(«)+P(a)p(a) a { aj6 | _ (-l)P(«)(P(«)+l) a (( aa; )(b a; )). 

OTKyn,a jierxo cjie^yeT, hto <p — TpHBHajibHoe i-cynep/i,H(p(pepeHn,HpoBaHHC. 

IIOJIOJKHM 

$ = {a G r Uri|{a,a} = D(a)a - aD(a),a G T}. 
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JTeMMa 6. Ilycmb J = J(T, {,}) — npocman uopdanoea cynepaAze6pa, a G $ \ {0} u D(a) = 0, mo 
a — o6pamuMuu e V u a G IV B Hacmtiocmu, ecAU J(T, {,}) — cynepaAze6pa cko6ku Ylyaccona, mo a - 
o6pamuMuu sjieMeum e T u a G To- 

/],OKa3aTejibCTBO. PaccMOTpiiM / = aT. 5Icho, hto I <\T . Bbh^y onpe,n,e.jieHHH $ 

{/, r} = {«r, r} c {r, a}r + a{r, r} + D(r) a r c a r = i. 

B CHjiy |14) nojiynaeM, hto I = T. TaK KaK T — yHHTajibHO, to a — o6paTHM. JleMMa ,a,0Ka3aHa. 

JTeMMa 7. Ylycm-b J = J(T, {, }) — uopdanoea cynepaAze6pa, mozda $ 3aMKHymo omnocumeAtno duqiqie- 
penu,upoeanusi D, m.e. D($>) C $. B uacmHocmu D k ($>) C <£>, k > 0. 

,HpKa3aTejibCTBO. IIojib3yHCb (|2]), mm nojryiaeM 

{D(b),c} + {b, D(c)} = -(-l) p ^{c, {b, 1}} + {b, {c, 1}} = 

-{-l)PW p W{{c, b}, 1} - (-l)PWp( c )(-i)P( c )p( f '){6, {c, 1}} - (-l) p ^ p(c >{c, 1}{6, 1}- 
(_ 1 )pWp(c)(_ 1 ) P (c)p(6) {6) c} + c}; 1}+ 

(_1)P(6)P("){C { 6 , l}} + {&, 1}{ C; 1} + (-l)f(*W{ c , 1}{1, 6} = 

2£({6,c}) -{£(&), c }-{fo,#(c)}. 

CjieflOBaTejibHO, BbiTeKaeT, hto 

£»({6 )C }) = {Z>(6),c} + {&,£>(c)}. (12) 

YHHTbiBaa (|12[) . HMeeM 

{£>(«), a} = £>({a, a}) - {a, .0(a)} = 
D{D{a))a + D(a)D(a) - D(a)D(a) - aD(D(a)) - D(a)D(a) + aD(D(a)) = 

D(D(a))a - D(a)D(a). 
nojiyneHHoe 3aBepinaeT flOKaTejibCTBO jieMMbi. 

JleMMa 8. Tlycm-b J = J(r, {,}) — uopdanoea cynepaAze6pa, mozda Oam npou3eOAt>nux b, c G J, a G $ 
ewno./meHO 

D k {a){b, c} = D k {a)(D{b)c - bD(c)). 

^],OKa3aTejibCTBO. H3 onpeflejieHHH $ h (|12p jierxo BbiTeKaeT. hto 

{a, {6, c}} = D(a){6, c} - <xD({6, c}) = D(a){b, c} - a{L>(6), c} - a{b, D{c)}. (13) 

IlOJIb3yHCb COOTHOHieHHHMH (P},©, JieMMaMH 3 H 7, HMeeM 

{a, {b, c}} = {{a, b}, c} + (_1)pWpW{6, {a, c}} + D(a){b, c}+ 
(_ 1 )p(a)(p(fc)+p( C )) £) ( & ){ C; a } + (-_l)P( c )(P(«)+P( b ))D( c ){Q, 7 6} = 

{D(a)6, c} - {qD(5),c} + D(a)c} - (-1)^'' {6, aD(c)}+ 

D(a){6, c} - (-l^W'fll^flfaJc - oO(c)) + (-l) p(c)(p(Q)+p(b)) D(c)(L>(a)6 - aD(6)) = 
_(_!)p(c)(p(«)+p(fc)){ C; ij( a )6} + (-i)p( c )(p( fc )+p(«)){ C; a D(b)} + (-l)P(«)f( b ){6, £>(a)c}- 

(_!)p(«)p(6) r 6; aD ( c )} + D{a){b, c} - {-lf^ p ^D{b)D{a)c+ 
(-l)Pi<*M b )D(b)aD(c) + {-lf^^+^ D{c)D{a)b - {-l) p ^ p ^ +p ^ D(c)aD(b) = 
_(_l)p(c)(p(6)+P(a)){ C; D(a)}b - (-l) p W p WD(a){c, b} + {-l) p ^ p ^ +p ^ D(c)D{a)b+ 
(-l)p( c )(p( fe )+P(<*)){ c , «}£)(&) + (-l)P( b )p( c ) a {c,Li(6)} + (-l) p ( c )^ Q ) +p ( fc »L>(c)aZ)(6) + 
(-l) p(a)p(b) {6, D(a)}c + £>(a){6, c} - (-l) p(Q)p(b) D(6)D(a)c - {-l) p ( a ^{b, a}D(c) - a{b, D{c)}+ 
(_!)p(«)p(fe) D{b)aD{c) + D(a){b, c} - {-l) p ^ p ^ D(b)D{a)c+ 
(-l)p(<*M b )D(b)aD(c) + (-l) p{c ^ p ^ + P {b ^D{c)D( a )b-{^ = 
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(-l) p(b ^D(D(a))cb - (-l) p ^ p ^D(a)D(c)b + D(a){b, c} + (-l) p ^ p ^ +p ^ D(c)D(a)b- 
(-iy( b )p(°)D(a)cD(b) + (-l) p ^ p ^aD(c)D(b) - a{D(b),c} + (-l) p ^ p ^ +p ^ D(c)aD(b)- 
D(D(a))bc + D(a)D(b)c + D(a){b, c} - (-l) p(a)p{b) D{b)D(a)c + D(a)bD(c)- 
aD(b)D(c) - a{b, D(c)} + {-l) p{a ^ D{b)aD{c) + D{a){b 7 c} - (-l) p ^ p ^ D(b)D(a)c+ 
(-l)p(.<*M b )D(b)aD(c) + (-1)p( c )(p(«)+p( & )) D(c)D(a)b - (-l) p ^ p ^ +p(c » D{c)aD(b). 

IIosTOMy 

3D{a){b, c} - a{D(b), c} - a{b, D(c)} - 2D(a)(D(b)c - bD{c)) = {a, {b, c}} (14) 
CpaBHHBaa paBeHCTBa (|13[) h ()14|) , nojiynaeM 

D(a){b, c} = D(a)(D(b)c - bD{c)). 
IIojib3yacb jieMMOii 7, mbi HMeeM o6o6meHHe nojiyneHHoro paBGHCTBa, T.e. 

D k {a){b, c} = D k {a)(D{b)c - bD(c)). 

JleMMa flOKa3aHa. 

JleMMa 9. Ilycmb J — J(T, {,}) — npocmasi ynumaAbnasi uopdanoea cynepaAze6pa u a € <&. Tozda ecAU 
D(a) ^ 0, mo J — cynepaAze6pa eeKmopnozo muna. B HacmHocmu, ecAU J ne jieAJiemcM cynepaAze6pou 
eenmopnozo muna, mo D(a) = u a o6pamuM e V. 

/I,OKa3aTejibCTBO. IIojiojkhm / = TD(a) + TD 2 (a) + . . .. 3aMeTHM, hto / < T. B CHjiy ([T]), onpe^ejieHHH 4> h 
jieMMH 7 jierKO nojiynHTt 

{r, TD k {a)} c {r, L> fc (a)}r + £> fc (a){r, r} + D{r)D k {a)r c 

L>(r)D fc (a)r + r\D fe+1 (a) r + L> fc (a){r, r} + L>(r)L> fc (a)r C TD k (a) + TD k+1 {a), 

OTKy^a {r, /} C I. IIo |14j . T ne mojkbt coflepjKaTb HeHyjieBtix iifleajiOB I c ycjiOBHeM {r, 7} C I. Ecjih 
D(a) ^ 0, to / = r. 3HanHT 1 = jiD(a) + ••• + r yiD l {a). CjieflOBaTejitHO, npn npoH3BOJibHbix 6, c € T, 
Hcnojib3ya jieMMy 8, nojiynaeM 

{6, c} = ( 7l £>(a) + • • • + 7 i^(a)){6, c} = 

7iD(a)(D(6)c - &D(c)) + . . . + ^D l (a){D(b)c - bD{c)) = D{b)c - bD(c). 

IlosTOMy J — cynepajire6pa BeKTopHoro Tana. 

Ecjih J — He hbjihctch cynepajire6poH BeKTopHoro THna, to h3 Bbinie^OKasaHHoro D(a) = 0. IIo jieMMe 6 
HMeeM, hto a — o6paTHMtiii sjieMeHT b T. JleMMa ,n,OKa3aHa. 

IlojiyHeHHbie pe3yjibTaTbi o6o6maiOTCfl b cjiejryioiHeH TeopeMe. 

TeopeMa 10. Hycmb J = J(T,{,}) — npocmasi ynumaAwasi cynepaAze6pa uopdaHoeoti cko6ku Had no- 
AeM xapaKmepucmuKu omAUHHOu om 2. Tozda au6o J we ujueem nempueuaAbHux S-ducfiifiepeHi^upoeaHuu u 8- 
cynepduq}qjepeHV,upoeaHuu, au6o J — cynepaAze6pa eeKmopnozo muna. Ecau J — cynepaAge6pa eeKmopuozo mu- 
na, mo Y\ — u cynepaAee6pa J ne uMeem nempueuaAbHux neuemHux8-cynepdu$>QiepenuupoBanuu. JJpu 8 ^ ^ 
cynepaAze6pa J ne UMeem nempueuaAbHux S-duqiqiepenuupoeanuu. Tlpocmpancmeo ^-duaiqiepenu^poeanuu 
coenadaem c R*(J) = {R z \z G To}, npuueM npu D(z) ^ omo6pamcenue R z 6ydem sieAnmbcn nempueu- 
aAbHUM ^-duaiaiepenuxipoeanueM. 

IlycTb A = Aq © A\ — accoHiiaTHBHaH cynepajire6pa. OnpeflejiHM Ha bcktophom npocTpancTBe A cynep- 
CHMMeTpHHecKoe npoH3Be,z];eHHe o no npaBHjiy 

aob= -(ab+i-iy^MVba). 

Ilojiy^eHHyio cynepajire6py o6o3HanHM nepe3 A^ + \ Hop^,aHOBa cynepajire6pa B Ha3biBaeTca cneiriiajibHofi:, 
ecjiH OHa H30Mop(pHO BKjiaflbiBaeTCH b cynepajire6py A^ pjis noflxoflHmeii acconiiaTHBHOft cynepajire6pbi A. 

Ilojib3yHCb TeopeMoii 10 ii xopoino H3BecTHbiM cpaKTOM o tom, hto yHHTajibHbic iiopflaHOBbi cynepajire6pbi 
BeKTopHoro THna HBjiaiOTCa cnen,najibnbiMH |14| . mbi nojiynaeM 

CjieflCTBHe 11. Ecau npocmaji ynumaAbnasi cynepaAze6pa uopdanoeux cko6ok J = J(T, {,}) UMeem 
nempueuaAbnoe 8-du^aiepenu i upoeanue, mo J — cneuuajibna. 
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§3 J-flHcJxJjepeHi^HpoBaHHH h <5-cynep,a,H<p<pepeHii;HpoBaHHH npocTbix yHHTajibHtix 
KOHeHHOMepHbix ftopflaHOBfaix cynepajireGp. 

Tenepb mm nepeft^eM k oiihcclhhio (5-,z];Hcp(pepeHHHpoBaHHft h <5-cynep/n«p(pepeHHHpoBaHHft npocTbix yHii- 
TajibHbix KOHenHOMepHBix fiopflaHOBbix cynepajire6p Hafl ajireSpaniecKH 3aMKHyTbiM nojieM xapaKTepucTiiKii 
p =^ 2. HanoMHHM, hto <5-/n«p(pcpeHHHpoBaHHH h J-cynep/nicpipepeHHHpoBaHHH npocTbix yHHTajibHbix KOHen- 
HOMepHbix iiopflaHOBbix cynepajire6p Ha,n ajire6paHHecKH 3aMKHyTbiM nojieM xapaKTepucTiiKii Hyjib onncaHbi b 
pa6oTax [H [5] . 

HanoMHHM, hto ajire6pa A Ha3biBaeTCH ajibTepnaTHBHOft, ecjin b Heft cnpaBefljiHBbi TOJK/jecTBa 

(x,x,y)=0, (x,y,y) = 0, 

Tflfi (x, y, z) = {xy)z — x{yz) — accoiniaTop ajieMeHTOB x, y, z G A. KjiaccinecKiiM npHMepoM ajibTepnaTHBHOft 
Heaccon,HaTHBHOft ajire6pbi cnyaoiT ajire6pa oktohiiohob hjih Hiiceji Ksjih O |17| . 

IIpHBefleM npHMepti npocTbix HeTpHBiiajibHbix Heaccon,naTiiBHbix ajibTepHaTHBHbix cynepajire6p xapaKTe- 
Phcthkh 3. HioKe B osna^iaeT ajibTepnaTHBHyio cynepajire6py Hafl nojieM F, C h M — cooTBeTCTBeHHO neTHaa 
h HeneTHaa nacrb B. 

3.1. Cynepajire6pa B(l, 2). IlycTb F — nojie xapaKTepucTiiKii 3, B(l, 2) = C+M — cynepKOMMyTaTHBHaa 
cynepajire6pa Ha^ F, y KOTopoft C — F-l, M = F-x + F-y, iyje 1 — e/nmima B, h xy = — yx = 1. 3aMeTHM, hto 
cynepajire6pa _B(1,2) ecTb b tohhocth npocTaa ftop,n;aHOBa cyncpajire6pa cynepciiMMeTpmecKoft 6HjiHHCftH0ft 
cpopMH f(s, r) = sr Ha HeneTHOM bcktophom npocTpaHCTBe M. 

3.2. Cynepajire6pa B(4, 2). IlycTb F — nojie xapaKTepHCTHKH 3, C — Ma(-F) — ajire6pa 2x2 MaTpiiu; 
Hafl F, M = F ■ mi + F ■ m2 — 2-MepHbift HenpiiBO/niMbift 6HMO^yjib Ksjih Hafl C; T.e., C ^,eftcTByeT Ha M 
cjieflyroiiniM o6pa30M 

eij-m k = 5 ik mj,i,j,k € {1,2}, 
to • a — a • m; 

iyi;e a € C, m € M , a i— > a — ciiMiuieKTHiecKafl hhbojiiouhh b C = M2{F). HeneTHoe yMHOJKeHiie Ha M 
onpeflejieHO paBencTBaMH 

ml = -e 2 l,7772 = e 12, 777im 2 = en, 77727771 = ~e 2 2- 

KaK H3BGCTHO (cm. |18j). B(l, 2), B(4, 2) — npocTbie ajibTepHaTHBHbie cynepajire6pbi c cynepuBOjiiouHHMH 

(a + m)* = a — 771 fljifl 2), (a + m)* = a — m ^jih -B(2, 4). 

HeTHoe jiHHeftHoe npeo6pa30BaHHe * cynepajire6pbi A Ha3biBaeTca cynepuHeaAmv,ueu, ecjin 

(a*)* = a, (ab)* = (-l) p( -^ pl -%* a* , a, beAoUAi. 

KaK noKa3aHO b [18] . KajK/joft cynepajire6pe B(l, 2) h -B(4, 2) cooTBeTCTByeT npocTaa: ftop^aHOBa cynepaji- 
re6paff3(-B(l,2))Hjr 3 (-B(4,2)). 

JleMMa 12. CynepaAze6pu H3(B(1,2)) u ^(5(2,4)) ne uMewm HempueuaAt>Hux S-du/fiifiepeHi^upoeaHuu 
u S -cynepducfjcfjepewnupoeaHuu. 

/],OKa3aTejibCTBO. 06o3Ha x iHM Hepe3 MOTpnHHbie eflHHnn,bi ajire6p B(l, 2)3 h B{2, 4)3. IlycTb <j> — HeTpn- 
BHjibHoe ^-jj,H(pcpepcHii,HpoBaHHe jih6o (5-cynep^H(pcpepeHri,HpoBaHHe. 5Icho, hto 6 = i. 
3 , 

I Ivr i :•. 4>{ea) = a j e jj + S x h e kh npnneM a;^ = X; fc , cjieflOBaTejibHO 

j=l k,l,kjtl 

2^>(e«) = 2e i4 o 0(e i4 ) = 2a*e i4 + ^(x- fc e ifc + x l ki e ki ). 

TaKHM o6pa30M, BbinojineHO 4>{ea) — a\en. IlycTb j3 E F vl 

(7i %12 x 13 \ 
5l2 72 ^23 
^13 ^23 73 / 
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Torfla 




X12 + \Pa\ 



X23 I = <t>(P(ei2 + e 2 i)) o e 22 + P(e 12 + e 2 i) o 0(e 22 ) 





0^0 

20 | i | oe 22 | = 20 | j p | oe n | = 



OTCio/ia nojiynaeM a\ = a 2 = a. AHajiornnHO mojkho noKaaaTb paBGHCTBO = a. IlycTb e = 
en + 622 + — e/niHnna cynepajire6pbi H^(B(1,2)) (hjih H${B(2, 4))). TaKiiM o6pa30M, b cjiynae 
/nicpepepeHnnpoBaHHH h neTHoro i-cynep/nicpepepeHin-ipoBaHHH, nojiynaeM 0(e) = ae, a b cnynae HeneTHoro 
2-cynep/],H(p(pepeHLi,HpoBaHHa nojiynaeM 0(e) = 0. OTCio/ja HMeeT TpnBnajibHOCTb 0. JleMMa ,n,OKa3aHa. 

JleMMa 13. Ilycmb F — nojie xapanmepucmuKU p > 2 u J — J(B(m,n), {,}) — uopdanoea cynepajize6pa, 
He neAnwuiflKCK cynepame6pou eeKmopozo muna. Tozda J He UMeem HempueuaAwux 8 -duifidiepenuupoeanuu 
u S -cynepdu(pcfjepeH'u ) upo6aHuu. 

/],OKa3aTejibCTBO. KaK cjie^yeT H3 jieMMH 3 KajKfloe <5-,i];H(p(pepeHHHpoBaHHe aBjiaeTca neTHbiM <5- 
cynep/nicpepcpeHHiipoBaHHCM. IlycTb — HeTpiiBiiajibHoe (J-cynep/nicpepepeHnnpoBaHHe. IIohhtho, hto 8 = i n, 
no jieMMe 3, 4>{x) = ax, r^e a £ $. 5Icho hto a = j8 • 1 + r, iyi,e r — HiijibnoTeHTHBift, & /3 £ F. ,H,onycTHM, hto 
r 0. Mojkho cnnTaTb, hto a = r, 3HanHT a He HBjiaeTCH o6paTHMbiM. B cnjiy jieMMBi 6, BbinojmeHO D(a) ^ 0. 
Cjie/i,OBaTejibHO, no jieMMe 9, J HBjraeTCH cynepajire6poH BeKTopHoro Tnna. IIojiyneHHoe npoTiiBopenne flaeT 
r = i a £ F. JleMMa ,a,OKa3aHa. 

JleMMa 14. CynepaA3e6pa CK(Z, d) He UMeem HempueuajibHux 6 -du(pdiepeH'u i upoeaHuu u 8- 
cynepdu(pcjjepeH'u t upoeaHuu. 

/],OKa3aTejibCTBO. 5Icho, hto neTHbie J-cynepflncpepepeHnnpoBaHHH hbjisiotch 5-/ni(p(pepeHniipoBaHiiHMH. 
IlycTb 0o HeTpHBHajiBnoe ^-flHcpepepeHirnpoBaHHe, a 0i HeTpnBnajrbHoe HeneTHoe 8- 

cynep/nicpepepeHnTipoBaHiic cynepajire6pbi CK(Z,d). IIohhtho, hto 8 = \ h <fii(x) = 0j(l)cc npn npon3BOjibHOM 
sjieMeHTe x S CK{Z 1 d). IIojiojkhm, hto 

3 3 



0j (1) = a j + w t a l + ^ + x iPi ■ 



7 = 1 



3aMeTHM, hto b cnjiy o/niopo/niocTH 0i mm HMeeM a 1 — a\ — 0. IloKa>KeM, hto P 3 = /3j 
Jlerxo BHfleTb, hto 



^ 3 3 

= <pj (xw k ) = -(((a 3 + W M + ft x + Y X ^i) 



x)w k + 

3 3 3 

{-\yx({a' +Y^l+P 3 x + Y J x l pi)w k )) = -{-p{ - (-iy(x4-J2^ixkPi))- 

2—1 2 — 1 2—1 

OTKy^a o| = P{ = h 0(1) = a? + P 3 x. 
Tenept bh^hm 

XiytkCt 3 ~ Wi^kP 3 = (j)j(XiWk) = -((0(l)Xi)Wfc + (-I) 3 ' Xi{(j)(l)w k )) = Wi^kCi 3 . 

OTCiofla nojiynaeM Tpe6yeMoe, T.e. <fio(x) — a°x,a° E Z n 0i = 0, T.e. <pj — TpnBnajibHO. JleMMa floxasana. 

CorjiacHO |121 118) npocTbie yHHTajibHbie KOHeHHOMepnbie nop^aHOBbi cynepajire6pbi c nojiynpocToii hct- 
hoh nacTbio Ha,n, ajire6panHecKn 3aMKHyTbiM nojieM xapaKTepncTHKn p > 2 HCHepnbiBaiOTca cynepajire6pa- 
mh Hz(B{l,2)) n H^(B(2, 4)), KOTopbie paccMaTpnBaiOTca Ha^ nojiHMn xapaKTepncTHKn 3. CorjiacHO |13| . 
npocTbie yHHTajibHbie KOHenHOMepHbie iiopflaHOBbi ajireSpbi c HenojiynpocToii neTHOii nacTbio Hafl ajire6pa- 
HnecKH 3aMKHyTbiM nojieM xapaKTepncTHKn p > 2 HCHepnbiBaiOTca cynepajire6paMH J — J(B(m,n), {,}) n 
CK(B(m),d). TaKHM o6pa30M, ynHTbiBaa npnBefleHHyio KjiaccH(pnKan;Hio npocTbix yHHTajibHbix iiopflaHOBbix 
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cynepajire6p Hafl ajire6paHHecKii 3aMKHyTMM nojieM xapaKTepiiCTiiKii p > 2, pe3yjibTaTbi pa6oT [H[5], cjiefl- 
CTBHH 5 H JieMMbI 12-14 mm nojiyniiM 

TeopeMa 15. Hycmb J — npocmasi ynumaAbnasi KOHeuHOMepnasi uopdanoea cynepaAze6pa Had aji- 
ze6pauuecKu 30MKHymuM noAeM xapaKmepucmuKu p =/= 2. Tosda au6o J ne uMeem nempueuajvbHux 6- 
dutfiqiepenuupoGanuu u S-cynepducfjgiepeHu^upoeaHuu, au6o J — cynepame6pa eeKmopnozo muna Had hoacm 
xapaKmepucmuKu p > 2. Ecau J = J(B(m, n), {, }) — cynepaAze6pa eeKmopnozo muna, mo n = u cy- 
nepaAee6pa J ne UMeem nempueuaAbnux nenemnux S-cynepduq^a^epeHuupoeanuu. JJpu i ^ | cynepaAze6- 
pa J ne UMeem nempueuaAbHux S-ducficfiepeHu^upoeaHuu. FFpocmpaHcmeo \-du$$epeHU,upoeaHuu coenadaem 
c R*(J) — {R z \z G B(m)}, npuneM npu D{z) ^ omo6pacnceHue R z 6ydem MBAJimbCJi HempueuaAbHUM 
i -duqiqiepeHuiipoeaHueM. 

§4 SaKJiioHeHHe. 

B saKjiiOTeHHe ctoht otmcthtb, hto noxa ny6jiHKOBajiaci> ^aimaa CTaTbH, 6bijih onncaHti ,n,H(pcpepeH- 
u,npoBaHHH cynepajire6pbi HeHra-Kai^a [T5] h fly6jiH KaHTopa npocToft yHHTajibHoft cynepajire6pbi Ilyacco- 
Ha |20| . a TaKace, 6bijiii nojiHOCTbio omicaHbi 5-(cynep)flH(pcpepeHEi,HpoBaHHa npocTbix HeyHiiTajibHbix iiop- 
,n,aHOBbix cynepajire6p Ha,ii, ajire6paii x iecKii 3aMKHyTbiM nojieM h, KaK cneflCTBiie, 6bijio nojiy^eHO oniicaHiie 
<5-(cynep)flH(p(pepeHD;HpoBaHHii nojiynpocTbix KOHenHOMepHbix iiopflaHOBbix cynepajire6p Hafl ajirc6paHHecKii 
3aMKHyTbiM nojieM xapaKTepiiCTHKii otjih^ihoh ot 2 |21| . 
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